Telomere length is maintained by a negative feedback mechanism that inhibits the telomerase activity when the telomere is sufficiently long. A prevailing explanation is that the negative feedback is caused by a mechanism that "counts" the number of regulatory protein molecules that are bound to the telomere. However, how such protein counting is accomplished is not clear. In this paper, I introduce a simple theoretical model to consider how the telomerase inhibition can depend on the telomere length. I show that this model is able to explain some key features of regulation of telomere length. While the real telomeres are more complex, this simple model may capture the essence of the mechanism.
Introduction
A telomere is a structure found at each end of a linear chromosome (1) . Telomeres usually have repetitive DNA sequences; they are repeats of TTAGGG in human and many other species. The repeats are added to the telomeres by the enzyme telomerase (2) . The addition of the repeats counteracts the gradual loss of DNA that would otherwise occur due to inability of the DNA replication machinery to completely replicate the ends of linear DNA. The telomeres also protect ends of chromosomes from unwanted DNA repair responses that can lead to deleterious outcomes such as apoptosis, senescence, and chromosome fusions (3) . The single-stranded 3' overhang of the telomeric DNA invades the double-stranded repeats to form a lariat-like structure called a T-loop (4), instead of being exposed. The repeats also serve as binding sites for various telomeric proteins that play roles in protecting the telomere and regulating the length of the telomere (reviewed in (5) (6) (7) (8) ).
The lengths of telomeres are maintained in a range that is characteristic of the species and the cell type. Murray et al. (9) proposed that this telomere-length homeostasis is achieved by a negative feedback mechanism. According to this model, when a telomere is short, the telomerase can lengthen the telomere uninhibited. However, the telomerase activity is blocked when the telomere becomes longer. This leads to shortening of the telomere due to incomplete replication. A telomere approaches a steady state length by balancing of these processes. The finding that the telomerase preferentially adds repeats to short telomeres in vivo supports this model (10, 11) .
The question is how this negative feedback is achieved. An attractive model is the protein-counting model (12) , although other models have also been proposed (13, 14) . As noted above, a number of proteins bind to the telomere, either directly to the DNA, or indirectly through protein-protein interactions. While the proteins that bind to the telomere differ considerably depending on the types of organisms (5) (6) (7) (8) , what is common is that many of them function as negative regulators of the telomere length: their mutations or RNAi knock down lead to lengthening of the telomeres; overexpressing them leads to shortening of the telomeres. The protein-counting model states that the negative feedback that inhibits the telomerase happens by sensing the number of the regulatory protein molecules that are bound to the telomere. Thus, the telomerase is inhibited when the telomere is long enough to accommodate a certain number of the protein molecules.
While the protein-counting model explains a number of experimental findings (12), how the "protein counting" occurs is not clear. A long telomere would naturally provide more binding sites for the proteins than a shorter one, but many of the binding sites would be far from the end of the telomere where the telomerase operates. It is not obvious how the proteins bound far from the telomerase can influence its activity.
In this paper, I propose a mechanism of how the occupancy of a telomere-binding protein can depend on the telomere length. I demonstrate this in a case of a simple theoretical model. The length-dependency is a consequence of assuming cooperative binding of the protein to the telomere. Even though the model described here is simplistic, the basic underlying mechanism may operate in more complex real telomeres.
Results
The basic premises of the model.
I would like the model to be able to explain the following experimental observations:
1. Inhibition of the telomerase activity happens in a manner that depends on the length of a given telomere. The longer the telomere, more likely the telomerase activity is blocked.
2. Inhibition of the telomerase activity also depends on the abundance of the telomere-binding proteins. If the proteins are overexpressed, the telomerase activity is blocked at a shorter telomere length than in a normal condition. If the expression of the proteins is downregulated, the telomeres are extended longer than in a normal condition.
Many proteins associate with telomeres and they differ greatly depending on the organisms (5) (6) (7) (8) . If we try to account for all of the different proteins, the model will be very complicated and not easily tractable. The fact that different proteins in different organisms regulate telomere lengths in a similar manner suggests that there is a common mechanism that applies regardless of the specific details. What I would like to achieve is to build a simple conceptual model to capture the essence of the mechanism rather than building a detailed realistic model.
Here are several simplifications that I make.
1. In reality, there are many different proteins that bind to telomeres for a given species. However, I would like to represent the collective behavior of such telomere-binding proteins by one idealized protein P in the model.
I focus on modeling the T-loop.
The size (the contour length) of the T-loop may not be identical to the total telomere length, but is constrained by the total telomere length. I will use the size of the T-loop as a proxy for the telomere length.
For simplicity, I idealize the T-loop as a homogeneous
ring with binding sites for the protein P.
4. I assume that binding of P at the end of the telomere prevents the access of the telomerase. Since we are approximating the telomere as a homogeneous ring, the average binding of P per site represents the degree to which the telomerase is inhibited. I do not attempt to model lengthening and shortening of the telomere explicitly.
These simplifications reduce the problem to that of the protein P binding to a homogeneous one-dimensional lattice with a periodic boundary condition ( Fig.1A) . Each site can take one of two possible states: occupied, or unoccupied. I will use sj to represent the state at the position j: sj = 0 if the site j is not occupied by P 1 if the site j is occupied by P .
The total number of sites in this lattice N is a proxy for the length of the telomere that we are modeling. The state of the whole system can be represented by the vector {s1, s2, · · · , sN }.
The dynamics.
Suppose that the system evolves by stochastic binding and dissociation of P that changes the values of sj for j = 1, 2, · · · , N . I will use w + j and w − j to represent the probabilities that sj changes from 0 to 1 and 1 to 0 in a unit time, respectively.
Let us assume that the binding is driven by mass action -the probability of binding is proportional to the concentration of unbound P. If the probability of binding to site j does not depend on the occupancy of the neighboring sites, w + j can be written in the following form:
where [P] 0 is the concentration of unbound P. (See Fig.1B .)
I would like to model that the rate of dissociation w − j is dependent on the occupancies of the neighboring sites because of the interactions between molecules of P bound to them. For simplicity, we will only consider the influence of the adjacent sites ( Fig.1C) :
[3]
Assuming that binding of P to the site j is stabilized by other molecules occupying the neighboring sites,
We can rewrite k1− and k2− as
and
where β ≥ 1 and βγ ≥ 1. Then, w − j can be written as
This model has similarity to the theoretical model of heterochromatin formation studied by Hodges and Crabtree (15) . The difference is that in their model it is the binding rather than dissociation that is affected by the states of adjacent sites and the binding happens only by nucleation or propagation.
The equilibrium properties.
I would like to illustrate the properties of the model by calculating values when the system is in equilibrium. Let us use p (s1, s2, · · · , sN−1, sN ; t) to represent the probability that the system is in the state {s1, s2, · · · , sN−1, sN } at time t. The rate that sj switches from 0 to 1 at time t is w + j p (· · · , sj−1, 0, sj+1, · · · ; t). The rate that sj switches from 1 to 0 at time t is w − j p (· · · , sj−1, 1, sj+1, · · · ; t). Consider a probability distribution that satisfies the following detailed balance:
Such a distribution is in equilibrium and does not change with time because the rate of dissociation of the protein P from a given site j is always balanced by the rate of binding. I will represent the equilibrium distribution by peq (s1, s2, · · · , sN−1, sN ).
The equilibrium distribution peq should satisfy the following relationship:
This becomes easier to picture by representing the probability distribution as the Boltzmann distribution with the following energy function E(s1, s2, · · · , sN ) for the state {s1, s2, · · · , sN }:
where we define a, b, and c as the following: a ≡ k B T ln(k+/k0−), [11] b ≡ k B T ln β, [12] c ≡ k B T ln γ. [13] It is straightforward to see that the equilibrium probability peq(· · · , sj−1, sj, sj+1, · · · ) for any state {· · · , sj−1, sj, sj+1, · · · } is proportional to the Boltzmann weight:
peq(· · · , sj−1, sj, sj+1, · · · )
The way the stochastic system defined by the transition probabilities Eq.2 and Eq.7 leads to a thermal equilibrium described by Eq.14 is analogous to how systems driven by the Metropolis dynamics (16) or the Glauber dynamics (17) result in thermal equilibria. We can interpret the rates for binding and dissociation in terms of the Arrhenius theory-the activation energy for binding corresponds to − k B T ln k+ + const. [15] and the activation energy for dissociation from site j corresponds to
Solving the equilibrium properties of this model becomes an exercise of statistical mechanics. In particular, if c is equal to 0, this model is equivalent to the one-dimensional Ising model in a uniform magnetic field (18) just as in the case of the model of gene regulation that I studied previously (19) . As long as b is non-zero, the model retains cooperativity. I will focus on the case where c is zero for simplicity.
I define the partition function as
where the sum is for all possible combinations of {s1, s2, · · · , sN }.
Using the transfer matrix method (20) , the partition function can be written as
where
It is simple to diagonalize the matrix as When the cooperativity is weak (B is small), the length scale ξc remains small and the occupancy sj rapidly approaches s ∞ as the function of the telomere size N . However, when the cooperativity is strong (B is large), the length scale ξc can become large and the occupancy sj approaches s ∞ more slowly as the function of the telomere size N . When the abundance of the protein is high (A is large), the same occupancy level sj is achieved with smaller telomere size N .
[24]
The partition function can be written using the eigenvalues λ1,2 as
[25]
The expectancy that the site j is occupied is
[28]
Note that, since we idealized the system as homogeneous, sj does not depend on the position j. Therefore, the occupancy at the very end of the telomere where the telomerase operates is the same as the occupancy anywhere else in this simplified model.
For large N , sj approaches s ∞ ≡ cos 2 θ.
[29]
How fast sj approaches s ∞ depends on λ2/λ1. We can introduce ξc = 1/ ln (λ1/λ2) [30] as the correlation length or the length scale. Then sj can be rewritten as
[31]
What this relationship shows is that sj does not reach the full occupancy s ∞ until N is roughly ξc or larger. Fig.2(A), (B) , and (C) show how s ∞ varies as a function of A = ln [P ] 0 + const., when B is 9, 12, or 15, respectively. As expected, as the concentration of free P increases, and therefore A increases, the occupancy for the large N limit, s ∞, also increases. The slope of s ∞ near A = 0 is steeper for larger B because the occupancy is more cooperative. When the correlation length ξc is small, sj rapidly approaches s ∞. However, when B is large, there is a regime where s ∞ is close to 1, but ξc is large. In such a regime, the telomere achieves near full occupancy if N is large, but it will have a fair portion of unoccupied sites if N is smaller than ξc. Therefore, the degree to which the telomerase activity is inhibited by P will depend on the size of the telomere N in this regime. Efficient inhibition of the telomerase activity is only achieved if N exceeds ξc. Now let us consider how the telomerase activity will depend on the abundance of the protein P. If the abundance is low and A = (ln [P ] 0 + const.) is low, there will be insufficient binding of the protein P on the telomere and less inhibition of the telomerase activity. This corresponds to the case when expression of the telomere binding protein is downregulated. Since there is less inhibition of the telomerase activity, the telomere length increases. If, on the other hand, the abundance of P is high, and therefore A is large, there will be near full occupancy even for low N . Thus the telomerase activity will be inhibited even for a short telomere. This leads to shortening of the telomere because of incomplete replication.
Our motivation was to come up with a mechanism of telomerase inhibition that is dependent on the size of the telomere and the abundance of the telomere binding protein(s). Our simple model provides the desired properties: effective inhibition does not take place unless the telomere size N exceeds the characteristic length ξc; if the abundance of the protein is high, the telomerase activity is inhibited at a shorter telomere size N .
Discussion
In this study, we presented a simple model of telomere length regulation. The model described binding of the inhibitory protein P to the telomere. As we have seen, by simply modeling the T-loop as a ring, and by simply postulating that binding of P is cooperative, the average occupancy of P per site can be sensitive to the size of the ring for some suitable ranges of the parameters. The protein P achieves near full occupancy only if the size of the telomere exceeds the correlation length. Therefore, the degree to which the telomerase activity is inhibited depends on the size of the telomere.
It is crucial that the telomere forms a T-loop, and therefore The parameters need to be in an appropriate range for this mechanism to work. The cooperativity of the protein binding, represented by B = b/ (k B T ), needs to be strong enough. It may also seem as if the mechanism only works for a narrow range of the free protein concentration [P ] 0 . However, the total number of the protein molecules is the sum of the numbers of the free and bound protein molecules. A narrow range of free protein molecules can correspond to a broader range of total protein molecules. Thus, the mechanism does not need be as sensitive to the abundance of the total protein.
Teixeira et al. (11) found that telomeres switch between two states: one that allows elongation by the telomerase and one that prohibits it. The mechanism based on cooperativity of the protein binding fits with such a switch-like phenomenon.
The model presented here is admittedly a simple toy model. A crucial question is whether the picture provided by this model is close to the actual mechanism. The real telomeres are more complicated because many different proteins bind to the telomeres and they vary depending on the organisms. The proteins likely form complex multivalent protein-protein interactions (21) and they will not be the simple nearest-neighbor interactions depicted in the model here. Nevertheless, what is essential to the mechanism proposed here is not the particular interaction presented in the model, but the cooperativity of the protein binding. It is possible that the multivalent interactions of the actual proteins stabilize their occupancies in a way that make them cooperative. If the cooperativity of the protein binding is strong enough, there can be length-dependence.
The model suggests that occupancies of some, if not all, telomere-binding proteins are dependent on telomere length. It would be interesting to study various telomere-binding proteins to see if any of them occupy telomeres in a length-dependent way.
